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A procedure for deriving certain high order difference formulas for the Helmholtz equation
is given. Families of formulas of order 2, 4, and 6 are derived. The distinction between
“atomic” and “nonatomic” formulas is made, and a nonatomic formula of order 4 is given for
a similar equation with variable coefficients. Numerical results using these formulas are given.

1. INTRODUCTION

In this paper we present the description of a simple technique for deriving finite
difference formulas of high order for solving linear partial differential equations. The
procedure is illustrated for the Helmholtz equation on a rectangle with Dirichlet
boundary conditions. Qur procedure has strong connections with the Mehrstellenver-
fahren of Collatz |1| and the HODIE method of Lynch and Rice {2]. Houstis and
Papatheodorou [3] have studied the performance of fourth and sixth order HODIE
formulas for the Helmholtz equation on a set of problems. Boisvert |4| derived two
one-parameter families of fourth order HODIE formulas for the Helmholtz equation.
Discretization which is optimal with respect to a certain norm of the truncation error
was obtained by Boisvert for certain values of the parameter. Extensions yielding
sixth order accuracy for the Helmholtz equation were also obtained.

Recently we have presented in |6-8| an alternative method for generating high
order difference formulas for linear partial differential equations. When this procedure
is applied to the Helmholtz equation, we not only obtain the discretizations given by
the HODIE method but also several other fourth and sixth order schemes.
Theoretically, it is possible to apply the procedure to obtain formulas of even higher
order by using more than nine mesh points, however, such formulas have little prac-
tical interest. We therefore restrict ourselves to formulas that involve mesh points
lying on a single cell or element. In this paper we present difference formulas of order
two, four, and six for solving the Helmholtz equation and show how other formulas,
including those derived by the HODIE method can be obtained from our formulas.
Our procedure for generating formulas has been applied to a similar equation. with
variable coefficients. A numerical comparison of results obtained by using a variety
of formulas on a set of problems is also given.
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2. DERIVATION OF DIFFERENCE FORMULAS

Consider the Helmholtz equation
Ugp + Uy, + Au=f(x, ), x,yin R and A0 2.1)
and
u = g(x,y) = known for (x, y) on the boundary &R,

where R is a region such that a square mesh of size # can be used to subdivide the
region. This assumption is made to simplify the presentation. A generalization of the
procedure to arbitrary regions can be carried out on the same lines as presented here.
Boundary conditions other than the Dirichlet type can also be incorporated in the
procedure.

In order to obtain a difference formula for a mesh point it is convenient to consider
a local coordinate system (x, y) with its origin at the mesh point. Next, the solution of
the boundary value problem (2.1) in the neighbourhood of the mesh point is
expanded in an infinite series whose terms are the solutions of the differential
equation. An approximation to the solution is obtained by truncating the series. The
unknown coefficients in the truncated series are expressed in terms of the nodal
values of the solutions at those mesh points that are to be included in the difference
formula. This procedure gives the required formula.

Rather than using the solutions of the differential equation, it is easier to expand
the solution of (2.1} in a power series. A set of constraints on the coefficients is
obtained by demanding that the differential equation be satisfied. In the present
example, let

u=>a, xy and  flxy)=> ¢ xV, ij=0,1,2... (2.2)
If u satisfies the differential equation, then we must have
=+ 1)+ 2)a,,;+(+1D+2)a;;,,+4ra; (2.3)
i,j=0,1,2,..

Furthermore, the interpolation of u on a set of mesh points (x,,y,) gives the
following addition conditions:

Uy == a; xiyh,  k=0,1,2,., M. (2.4)

Before a difference formula over the stencil of mesh points (x,,y,) appearing in
(2.4) is derived from Egs. (2.3) and (2.4), it is necessary to introduce some approx-
imations of u in the expansion (2.2). One way to do thisis to seta; ;=0 fori+j>n
for some fixed n. Consequently, all the equations in (2.3) for which i +j > n are
eliminated and Egs. (2.4) now involve finite sums. A difference formula exists if the
systems of equations (2.3) and (2.4) are consistent. To obtain a formula, we form a
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linear combination of the ¢; ; and express it in terms of a, ; using Eqgs. (2.3). The coef-
ficients of the linear combination of c;; are chosen in such a way that it can be
expressed in terms of the nodal values u,, and all the g, ; are eliminated. This
procedure can be described in terms of an (n + 1)(n + 2)/2-dimensional vector space
S spanned by a; ;. From Eq. (2.3) it is clear that ¢, ; also form a vector space S,
which is a subspace of S. Similarly, from (2.4) it can be seen that u, also form a
vector space S, < S. Every nontrivial vector in S, MN.S,, expressed in terms of ¢,
and also in terms of u,, provides a formula. A general formula may contain free
parameters, the maximum number of such parameters depends upon the dimension of
S, M S,. Note that all ¢; ; are not linearly independent. For convenience, we choose
the mesh points such that the u, are linearly independent for the value of n chosen.

A difference formula obtained in this manner is exact at least for all polynomials
of degree <n, that is, for polynomials in P,. In the case when the mesh is uniform,
the truncation error is of order 4™, m > n. Such a formula is called “‘atomic” in the
sequel. Another type of approximation leads to formulas which have truncation errors
of order A", though, they many not be exact in F,. Such formulas are called
“nonatomic.”

When the mesh is uniform, it is possible to introduce another approximation. The
Egs. (2.3) are multiplied by #°*/*? and all the terms of order A™, m > n, are neglected
in the set of Eqgs. (2.3) and (2.4). As a consequence of this assumption all the terms
containing a; ; for which i+ ;> n are automatically eliminated. Now the same
procedure described earlier is applied to derive a difference formula. During the
process of elimination, any term of order A™, m > n, is also neglected. Formulas
obtained in this manner are not exact in +,, although, their truncation error is at
least of order n. Hence, these formulas are nonatomic. From our numerical
experiments it appears that the nonatomic formulas perform as well as the atomic
ones, at least when the mesh is refined.

Some nonatomic formulas can be obtained directly from the atomic formulas by
simply deleting the terms of order #™, m > n. However, it is sometimes possible to
obtain nonatomic formulas over a given stencil when no atomic formula exists. This
indeed is the case for the Helmholtz equation with variable coefficients, for which a
nonatomic formula of order 4 is derived for a 9-point stencil using a uniform mesh.

In practice, it is convenient to replace the linear combination of c; ; appearing in
the formulas by an equivalent expression containing the values of the function f over
a set of points (x, y/*) j=0, ..., M*. The points (x*, /) need not necessarily be
the mesh points. In the case of atomic formulas, the replacement should be exact in
P,. While in the nonatomic formulas, such a replacement should be exact to within
the order A”". Such a replacement results in HODIE-type formulas. An atomic
formula becomes nonatomic if the replacement is not exact in I°,. Boisvert {5] has
proposed a sixth order HODIE formula (2.15) for the Helmholtz equation which is
not exact in .

In this paper we shall consider n = 2, 4, and 6 and give difference formulas for the
Helmholtz equation (2.1) over a stencil of 5 and 9 points. The mesh is taken to be
uniform. The general formulas contain some free parameters. All the HODIE-type

n*
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formulas for the Helmholtz equation over the 9-point stencil can be obtained by
suitable choices of the parameters.

Over a 5-point stencil consisting of mesh points (0,0), (4, 0), and (0, £#), an
atomic formula of order 2 containing two parameters p and ¢ (p # 0) is given by

[p+ %hzq] u,— [4p —Ah*(p — 2q)| u, ZPCO.Oh2 +qlcy.0 +¢9.2) h', (A2)

where Ou, = u(h, 0) + u(—h, 0) + u(0, #) + u(0, —k). If the same stencil is chosen for
the values of f, the right-hand side of (A2) can be replaced by

39S, + (p = 29) £ ] B, (2:5)

The principal error term of formula (A2) is

[(12—h2)q—2p](a4.0+a0_4) h* +4qaz.2h4 (2.6)

which shows that formula (A2) is not exact for polynomials of degree 4 but is exact
in P,. The truncation error of (A2) is of order A% No choices of p and g can
anihilate expression (2.6). Thus, there does not exist a fourth order formula over the
S-point stencil considered here.

One of the simplest choices of p and ¢ is p =1 and g = 0, which gives the standard
5-point formula

Qug— (4 — Ah*) ug = ¢ oh*> = foh*. 2.7
Other choices of p and ¢ can also be made.

Using the same procedure and a 9-point stencil formed by the addition of the four
mesh points (+4, +h) and defining Oy, by

Oy = u(h, h) + u(—h, k) + u(—h, —k) + u(h, —h),

we can write a general fourth order atomic formula as
|4p + $4h°(q — r)] Oug + | p + 44h?r) Oy
- [20p—ih2(6p-2q+r)+%—h"(p—q)] U, (A4)
= [6p — AR} (p — q)] Co,0h2 +plerot+coal b+ qleso+cou) B® +rc, o h°
The parameters p, ¢, and r are arbitrary except that p # 0. The right-hand side of
(A4) can be replaced in terms of the values of f over a set of 13 points as

[r+ (8 + 34h%)g — (4 + 34h*)p| ok + 5(p — @) KOS,

—1(p—4q+3r| h2<>f0+%h2[]f0 (28)
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or as
[r+ 3+ 34h%)g + (1 — 3ARY)p| foh* + 3(p —q) KT,
+3g =S+ 5 Gr—p +q) PO, (2.9)
where
h h h h
and

NS
~—

g f(g Z)Jrf( 5 };)+f(-—;—,—%)+f(% -

All the atomic formulas of order 4 over the 9-point stencil given by Boisvert |5]
can be obtained from (A4) and (2.8) or (2.9). For example, the choice of p=¢g =1
and r =0 gives the formula proposed by Boisvert |5, p. 70]. One simple special case
of (A4) is obtained by setting p =1, ¢ =r = 0. We also replace ¢, ; in terms of the
values of f at the same 5 points. This replacement is exact only upto #* and hence
this formula is no longer atomic. Such a formula is given by

40Uy + Ouy — (20 — 6% + Li2h%) uy = (4 — Ah2/2) fyh? + (h2)2) OF,.
(2.10)

The principal error term of (A4) is given by
(30 — 12p — lhzq)(as,o + ag4) h®+ (2q + 12r —4p — lhzr)(amz +a, ) h". (2.11)
It is possible to anihilate the expression in (2.11) by choosing

22K 2 AR 4
AT _2.om M s
p=1 66 Mty 4= 5 g ad r=aeo gy (212)

and obtain a sixth order formula. The resulting formula is a special case of a more
general sixth order formula containing three parameters p, ¢, and r and given by

1
[4+(%+4p)ih2+—(q r)izh‘]0u0+[l+<—l—5—+p)/1h+ thDuo

3
- [20+/1h2 <20p—%)+12h4 <2q—6p—r+—ﬁ) ——(p q)2’h J

3 1
= [6 + (6p - W) AR* + 5@ ~p)12h“J Cooh” + [1+pAR*)(cy o + o) 1
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[ 2 4
+5+ gih? ] (Cao+ Coa) B+ [F+ r,lhz] Cy..h°

[ 2
+ 12p——30q+?+q/1h2] (Co.0+ Co6) B®
i

[ 4
+ —15—+4P—2¢1— 12r+rlh2] (C4,2+cz.4) h®. (A6)
L

A study of the principal error term of (A6) shows that it is not possible to get an
eight order formula on the 9-point stencil used in (A6). Some special cases of (A6)
are

(1) p=q=1m%, =71 (2.13)

which is the formula given by Houstis and Papatheodorou [3]. With these choices of
D, g, and r the right-hand side of (A6) can be expressed in terms of f,, Ofy, Of;, and
O f, so that the resulting formulas is still atomic.

(2) p=—i5 (13 4+ AKY/8), q=— (14 1n?/32), r= =i (2.14)

gives a formula in which the right-hand side can be expressed in terms of the values
JSos Of» O fy, and O f; and the formula remains atomic.

(3) p=q=r=0 (2.15)

gives a formula which appears to be simpler than the other formulas. However, the
right-hand side cannot be replaced in terms of f;, Off, ¢ f;, and O f;. Additional
points are required if the formula is to remain atomic. However, if this requirement is
relaxed, we obtain the formula given by Boisvert |5, p. 119-120] which is not exact
in P, which has the truncation error of order 4°. We have solved several problems
using this and other formulas and have found that the nonatomic formulas perform as
well as the atomic formulas. Similar observations have been made by Boisvert,
although this distinction is not made clear.

7 AR? 1 1
4 = =—— = .
“4) D TR q 30" r %0 (2.16)

This choice eliminates the coefficients, ¢4 o, ¢y, ¢4.,, and ¢, , and gives formula
(2.12) obtained from formula (A4) earlier. Again an atomic formula is not obtainable
in terms of f,, Cfy, and O f,.
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3. FORMULAS FOR VARIABLE COEFFICIENTS

Following the procedure, described in Section 2, we now give formulas of order 2
and 4 for the equation

a(x,y) uyy + b{x, y) u,, + wix, yJu=f(x. y). (3.1)

Using the expansions
a(x’y)zzai,jxiyia b(xsy)ziﬁi.jxiyi’ W(x’y):‘\_‘wi,jxiyi

along with the expansions of u and f given in (2.2). The standard 5-point formula of
order 2 and a nonatomic formula of order 4 over the 9-point stencil are given here
using the notation

u, = u(h,0), u, = u(0, h), uy =u(—h,0), u, = u(0, —h),
us = u(h, h), ug = u(—h, h), u; = u(—h, —h), uy = u(h, —h).
Formula of order 2:

g o(uy + 13) + By oy + uy) — uo(20g 5 + 2850 — wo.ohz) = co.oh2 :foh2~
(3.2)

This formula is exact in P, and has a truncation error of order 2. A nonatomic
formula of order 4 in which

0 0=0 /0o and Bo.. = Bo.1 /Bo.o
is given by
(uy + u3)[50g.0 — Bo.o — BH@y 0@y o+ By Co.) + h (00 + gy + @4 0/2)]
+ (U + u)[5Bo.0 ~ 0.0 = B> (Bo. 1B + d1.oBi o) + HBao + Boo + @ 0/2)]
—h(u, — u3)[B) o — Bo.o@ o+ h (@, gwo0— W 0)/2]
— h(uy — u)|ag, — @y ofo1 + B2 (Bo.1 o0 — Wo.1)/2]
+ (g0 + Bo.o) Tttg/2 + h(ag — g oBo, Nits + s — 1ty — Uy)/2
+h(B.0— Bo.oby o )us — ug — i, + 1g)/2
— g 10(atg,0 + By.0) = 207 {dy o(@1.0 + B1.0) + Bo.i (@, + By}
+ 203 (g 0+ @y + Brg + Bor — 2wg.0) + B (@, 0@, o + @4 Bo.1)
=l (@,,0 + @y 1))
=6hcy o —h* (@, 0C1,0+ Bo1Co1) + B (Cr0+ Co.2)- (3.3)
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The truncation error of formula (3.2) is of order 4*. When a; ;, #; ;, w; ;» and f;
are replaced by the values of the functions a, b, w, and f, respectively, due care must
be taken to preserve the order. This does require the use of additional points such as
(k/2,0), (—=h/2,0), etc. Numerical results obtained by using both formulas (3.2) and
(3.3) are given in the next section.

4. NUMERICAL RESULTS

We have solved many different boundary value problems given by (2.1) over a unit
square for various values of g(x, y) and A. Table I we compare the numerical results
obtained for three problems using various atomic and nonatomic methods.

Method 1 uses the second order atomic formula (2.7). Methods 2 and 4 use the
atomic fourth and sixth order formulas (2.9 with p=g=1 and r=0) and (2.13),
respectively. While Methods 3 and 5 use the nonatomic fourth and sixth order
formulas (2.10) and (2.16), respectively. The convergence rates were estimated by

In(ey, /es,)/In(h, /hy),

where ¢, and e, are the maximum errors for 4, =g and &, = . The matrix
equations were solved using successive over relaxation (SOR) in single precision on a
DEC 2060.

TABLE 1
Maximum ercors, (N) = 1N
Problem Metnod b= 1Y ho= 1/8 nos 1716 Convergence
Rate
1 G.7351(-1} 0.3229(-1) 0.9081(-2) 1.83
1 2 0.2951(-1} 0.2888(-2) 0.1833(-3) 3.98
3 0.1038(~1) 0.1612(-2) 0.1171(-3) 3.78
i 0.1277(~3) 0.7093(-5) 0.3502(-6}% 4,34
5 0.1047(-2) 0. 4428(-4) 0.8661(-6) 5.68
1 0.1272 0.1078 0.4001(-1) 1.43
2 2 0.1837 0.3671(=1) 0.3186(-2) 3.53
3 0.6983(-1) 0.1944(~1) 0,1813(-2) 3.42
Yy 0.3172(-2) 0.3582(-3) 0.9239(-5) 5.28
5 0.4039(~2) 0.2969(~3) 0.7179(-5) 5,37
1 0.1414(2) 0.1602(1) 0.3092(0) £.3
3 2 0.1318(2) 0.2627(0) 0.1865(-1) 3.
3 0.1332(2) 0.3050(0) 0.1864(-1) b0
4 0.8336(1) 0.8447(~1) 0.8142(-3) [
5 0.8445(1) 0.7947(-1) 0.7082(-3) 6.4

* affected by roundoff error.

SR1/51/3-7
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Problems 1-3 were chosen from Houstis and Papatheodorou [3|. They are:
Problem 1:
u = (cosh 10x + cosh 10y)/cosh 10, A =-100.
Problem 2:

cosh 10x  cosh 20y
= osh10 ' cosh20 4= —100.

Problem 3:
u = cos 20y + sin 20(x — y), A=-30.

To demonstrate the effectiveness of formuia (3.3) for solving Eq. (3.1), we compare
in Table II the numerical results obtained using the second order method (3.2) and
our fourth order method (3.3). The problems chosen were:

Problem 4.
u=xp(x*+y*), a=x", b=y, w=—14.

Problem 5:

ye cosh 10x 4 cosh 4y _ coshdy b cosh 10x 100 cosh 4y
" cosh 10 coshd ® 4T cosha ® T coshio® T coshd ’
Problem 6:

u:xzyzexp(x'*'}’), a:1/(x2+4x+2), b:l(y2+4y+2)’
w=—1/(10 + x* + 7).

TABLE II

Maximum errors for au + bu + wu = f
XX ¥y

Problem Method ho= 1/4 h= 1/8 h=1/16 Convergence
Rate
Y 1 0.2063(-2)  0.5401(-3) 0.1362(-3) 1.98
2 0.1756(~2)  0.1156(-3) 0.8217(-5) 3.81
5 1 0.4141(-1)  0.2096(-1) 0.5734(-2) 1.87
2 0.2542(-1)  0.2038(-2) 0.1257(~-3) 4.01
6 1 0.1378(=1)  0.3968(-2) 0.1052(-2) 1.91

2 0.4408(-2) 0.3123(-3) 0.1445(-4) 443
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5. CONCLUDING REMARKS

The convergence rates estimated from the numerical results for a variety of
problems demonstrate that the order of the method is as expected. One would
normally expect that the atomic formulas would be more accurate than the
nonatomic ones. This indeed is the case for solutions which are polynomials of a
certain degree. For example, the sixth order atomic formulas are exact for
polynomials of degree up to 7, however, the nonatomic formulas are not. But, as the
size of the mesh is decreased, the reduction of the error is at a rate predicted by the
order of the method. It may be mentioned here that the higher order methods do
require that the solution satisfies certain smoothness requirements. If the solution
does not satisfy these smoothness conditions, a higher order method may not perform
any better than a lower order method.

We tested a large number of second, fourth, and sixth order methods by choosing
the free parameters from a study of the truncation error, so as to optimize certain
properties. However, we were not able to find a best all round method. One can
construct problems for which one of the methods of a particular order performs better
than all of the other methods. However, it is always possible to construct a problem
where this situation is reversed.

The method described here has been applied to generate nonatomic fourth order
difference formulas in the case of more general elliptic equations with variable coef-
ficients, and to some three-dimensional problems. These formulas have given excellent
numerical results over a wide range of problems.
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